Abstract. This paper is concerned with the decay rates of the solution to the strong planar rarefaction waves for scalar conservation laws with degenerate viscosity in several space dimensions. The analysis is based on the L 2 -energy method and the decay property of rarefaction waves.
Introduction
In this paper, we will investigate the decay rates of the solution to the strong planar rarefaction waves for scalar conservation laws with degenerate viscosity, which is called the 'generalized Burgers equation', in two or more space dimensions. Since the proof of the result for the case in more than two dimensions is identical to that for the case in two dimensions, we only discuss the equation of the following form in two-dimensional space:
where α is a positive constant, f and g are smooth functions (say in C 3 ). Furthermore, we assume that f is convex, i.e., there exists a positive constant β such that (1.2) f (u) ≥ β for u ∈ R.
The initial data for equation ( where u ± are two constants with u − < u + . Equation (1.1) is not only a mathematical model of the propagation of the finiteamplitude sound waves of a duct with variable area, where u is an acoustic variable (see [1, 2] ), but it can describe the unsteady Navier-Stokes system with cylindrical symmetry motion in small amplitude (see [8, 12] ).
Considering that it has a wide physical background, many authors have shown great interest in studying the properties; cf. [1, 2, 13, 14, 16, 17] .
When α = 0, many papers have discussed the existence and asymptotic behavior of the solutions to the corresponding Cauchy problem (1.1)- (1.4) . For the case of one space dimension, first, in 1960, Il'in and Oleinik originally investigated the asymptotic behavior of solutions to the Cauchy problem for a generalized Burgers equation of the following form (see [5] ):
Then, Harabetian obtained the convergence rate toward the rarefaction wave (see [3] ). Furthermore, Hattori and Nishihara showed more precise behavior of the solutions for the Burgers equation, employing the Hopf-Cole transformation (see [4] ). For the case of several space dimensions, Xin first studied the stability of the weak planar rarefaction wave for the scalar conservation laws with viscosity (see [15] ). Ito showed the convergence rate toward the weak planar rarefaction wave (see [6] ). Recently, Nishikawa and Nishihara in [11] obtained the decay rate toward the strong planar rarefaction wave, and Zhao in [18] also obtained nonlinear stability of the strong planar rarefaction wave for a relaxation model in several space dimensions.
When α > 0, the global existence of smooth solutions of problem (1.1), (1.3) in one space dimension has been obtained for α = 1 and f (u) = , there exist global smooth solutions of the Cauchy problem (1.1)-(1.4) in one space dimension and showed the corresponding solutions converge asymptotically to the weak rarefaction wave (see [16] ).
Our main purpose of this paper is to show when α ∈ 0, 1 7 , the Cauchy problem (1.1)-(1.4) admits a unique global smooth solution, and this solution converges asymptotically to the strong planar rarefaction wave. Moreover, the corresponding decay rates are also obtained by energy methods and the decay property of rarefaction waves. However, in this paper, we are forced to use more complex skills because of the difficulty caused by the degenerate singularity at t = 0 and at t = ∞. To do this, we separate our estimates into two parts. For one part, we use a Gronwall inequality to overcome the degenerate singularity at t = 0. For the other, we make use of the decay property of the rarefaction wave to deal with the singularity at t = ∞.
According to the idea of asymptotic analysis, it is natural to expect that the solution is closely related to that of the Riemann problem for the corresponding scalar hyperbolic conservation law in one space dimension: The entropy solution u R (t, x) of (1.5), (1.6) , which is called the central rarefaction wave, is given by
Notation. Throughout this paper, we denote positive constants by C. Moreover, the character "C" may differ in different places.
|f (x, y)| , and when p = 2, we write
or H l (R 2 ) denotes the usual lth-order Sobolev space with its norm f
Then our main theorem is stated as follows: 
where C is a positive constant depending on u 0 , u − and u + , but independent of t.
The plan of the paper is as follows. In Section 2, we construct a smooth approximate rarefaction wave to reformulate our problem. In Sections 3 and 4, we will solve the two reformulated problems by the energy method.
Reformulation of the problem
In this section, we will construct a smooth approximate rarefaction wave and reformulate our problem. Then we will introduce several useful lemmas which will be used frequently later.
Consider the inviscid Burgers equation
where w ± = f (u ± ) with w − < w + . It is well known that the Riemann problem (2.1) and (2.2) has a central rarefaction wave w
, where
Since w R (t, x) is not smooth, we construct a smooth approximate rarefaction wave W (t, x) as follows (see [9, 10, 19] ):
with smooth initial data
where K is a constant satisfying
Then we have (2.6)
For convenience, we list the following results on the smooth approximate rarefaction wave w(t, x) which will be used later.
Lemma 2.1. The smooth approximate rarefaction wave w(t, x) satisfies:
(ii) For any 1 ≤ p ≤ ∞, there exists a constant C p depending on p, such that
The proofs of properties (2.7)-(2.10) can be found in [9, 10, 19] . As for the estimate (2.11), we can obtain it by a similar method as used in [6] .
In order to reformulate our problems, we introduce a diffusion wave U (t, x) to approximate w(t, x) and which satisfies (2.12)
The unique global smooth solution of (2.12) was obtained in [16] . By the same argument as those in [15] , we can prove the following lemma:
, where w(t, x) and U (t, x) are defined by (2.5) and (2.12), respectively.
Therefore, in order to prove Theorem 1.1, from the estimate (2.11), we need only to estimate v(t, x) and V (t, x, y). By (2.12) and (1.1), it is easy to verify that the v(t, x) and V (t, x, y) satisfy the following two reformulated problems:
with initial data
and
In the next two sections, we will devote ourselves to obtaining the decay rates of v(t, x) and V (t, x, y), respectively.
Decay estimates for the perturbation v(t, x)
For any 0 < T ≤ ∞, define
By a standard method (see [14, 16, 20] ), we can obtain v(t, x) ∈ X 1 (0, t 0 ), where t 0 depends on ||v 0 || 2 .
Therefore, in order to get the global existence of solutions to (2.14) and (2.15) in X 1 (0, ∞), it is sufficient to get a priori estimates in X 1 (0, ∞). To do this, we need to establish the L 1 -estimate on v(t, x).
Then the solution v(t, x) of (2.14) and (2.15) satisfies
Proof. According to the idea in [6] , let j δ (λ) be the usual smoothing kernel in R 1 ; i.e.,
where j(λ) is a smooth function which has a compact support and satisfies R j(λ)dλ = 1. Let φ δ be the convolution of the sign function and j δ , i.e.,
and put
Multiplying (2.14) by φ δ (v) and integrating it with respect to t and x, we have
Similar to [6] , we can obtain
Next, we estimate the last term of the right-hand side of (3.2) by using (2.9) as follows:
For the above claim, we can obtain the desired estimate (3.1).
The proof of Lemma 3.1 is complete.
Theorem 3.2 (Decay estimates). Suppose that
Then the Cauchy problem (2.14), (2.15) admits a unique global solution v(t, x) ∈ X 1 (0, ∞), and for any 0 < α <
(1 + t)
Proof. First, if we have obtained the estimates (3.3), (3.4) and (3.5), then the global existence result on v(t, x) ∈ X 1 (0, ∞) will follow by the local existence result. Next, we will give the proofs of the estimates (3.3), (3.4) and (3.5). Multiplying (2.14) by v and integrating the resulting equation over R, we have
By using (1.2), the second term of the left-hand side in (3.6) is estimated from below: (3.7)
Now we estimate I 1 as follows:
(3.8)
For I 2 , by the Sobolev inequality and Young's inequality, we get from (2.9), (3.9) From (3.7)-(3.9), we can rewrite (3.6) as follows: Multiplying (3.10) by (1 + t)
2 +ε , we have from Young's inequality,
By using the Gagliardo-Nirenberg inequality, we have
Applying (3.1), (3.12) and Young's inequality to the last term of the right-hand side in (3.11), we have (3.13)
From (3.13), we integrate (3.11) over [0, t] in t to obtain (3.3). Next, we derive the higher-order estimates. Multiplying (2.14) by (−v xx ) and integrating the resulting equation over R, we have
By using (1.2), the second term of (3.14) can be estimated as follows:
where ξ 1 is between w and v + w. Hence, (3.14) can be rewritten as
First, we estimate I 3 by using the Gagliardo-Nirenberg inequality and Young's inequality:
By using (3.3), we get
The estimate of I 4 is as follows by (2.8) and (3.18):
(3.20)
For I 5 , by using the Cauchy-Schwarz inequality, we have from (2.9),
By (3.3) and (3.23), we have for t > 1,
Multiplying (3.22) by (1 + t) 3 2 −α+ε and integrating the resulting inequality over [0, t] in t, we have from the above inequality:
which implies (3.4). Differentiating (2.14) twice in x and multiplying it by v xx , we have
We first study the second term in (3.24). Integration by parts gives (3.25)
where ξ 1 is defined by (3.15) and ξ 2 is between w and v + w. Hence, (3.24) can be rewritten as
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Next, we will give the estimates of I 6 − I 11 , respectively. For I 6 , by using the Cauchy-Schwarz inequality and (2.10), we get (3.27)
We compute I 7 as follows by the Hölder inequality:
By the Gagliardo-Nirenberg inequality, we have
Therefore, the Sobolev inequality, Young's inequality and (3.4) give (3.28)
For I 8 , by using the Cauchy-Schwarz inequality, we get from (3.3) and (2.8), (3.29)
Similarly, we have from (2.9) and (3.3), (3.4), (3.30)
and (3.31)
Similar to the estimate of I 7 , we estimate I 11 as follows:
(3.32)
Substituting (3.27)-(3.32) into (3.26), we have
Integrating (3.33) over [0, t] in t, we have from (3.23), (3.34)
Multiplying (3.33) by (1 + t) 2−α+ε , and integrating the resulting inequality over [0, t] in t, we can obtain (3.5) by (3.4).
The proof of Theorem 3.2 is complete.
Decay estimates for the perturbation V (t, x, y)
By a standard argument, we can obtain V (t, x, y) ∈ X 2 (0, t 1 ), where t 1 depends on ||V 0 || 2 .
Therefore, in order to get the global existence of solutions to (2.16) and (2.17) in X 2 (0, ∞), it is sufficient to get a priori estimates in X 2 (0, ∞). To do this, we need to establish the L 1 -estimate on V (t, x, y).
The proof is similar to that in Lemma 3.1, and the details are omitted.
Theorem 4.2 (Decay estimate). Let
Then the Cauchy problem (2.16) and (2.17) admits a unique global solution V (t, x, y) ∈ X 2 (0, ∞), and for any 0 < α < 
Corollary 4.3. From (4.1) and (4.2), we obtain
which implies by the Sobolev inequality that
Next, we will give the proof of Theorem 4.2.
Proof of Theorem 4.2. Multiplying (2.16) by V and integrating the resulting equation over R 2 , we have
Similar to (3.7), we have (4.9)
On the other hand, (4.10)
From (4.8)-(4.10), we have
Multiplying (4.11) by (1 + t) 1+α+ε , we have (4.12)
By the Gagliardo-Nirenberg inequality
we obtain from Lemma 4.1,
Integrating (4.13) over [0, t] in t, we obtain (4.1).
Before obtaining the decay rates of V y and V x , we first establish the H 1 -estimate of V . Multiplying (2.16) by −V yy , and integrating the resulting equation over R 2 , we have (4.14) 1 2
We estimate the second term of (4.14) as follows:
where ξ 3 is between U and U + V . The Gagliardo-Nirenberg inequality
gives us that
Recalling U = w + v, and noticing (3.4), (3.5), (2.8), we have by the Sobolev inequality, (4.17)
Therefore,
From (4.15)-(4.18), we have (4.19)
Similarly, the third term of (4.14) can be estimated as (4.20) 
Adding (4.21) to (4.22) and integrating the resulting inequality over [0, t] in t, we can obtain
). Next, we will show the decay rate of V y . An integration by parts gives that (4.24) the second term of (4.14)
and (4.25)
the third term of (4.14)
From (4.24), (4.25), we rewrite (4.14) as
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We estimate I 12 by using the Sobolev inequality and Young's inequality as follows:
we obtain (4.27)
Similarly, (4.28)
Substituting (4.27) and (4.28) into (4.26), we have (4.29) 1 2
Multiplying (4.29) by (1 + t) 2+α+ε , and integrating the resulting inequality over [0, t] in t, we obtain (4.2) from (4.1) and (4.23).
Next, we will show the decay rate of V x . Multiplying (2.16) by −V xx , and integrating the resulting equation over R 2 , we have (4.30) 1 2
We estimate the second and third terms of the left-hand side of (4.30) respectively as follows:
where ξ 3 is defined by (4.15), and 
As in (4.28) and (4.27), we have (4.34)
For I 16 , by using the Cauchy-Schwarz inequality, we have from (4.17), (4.36)
For I 17 , we have from (4.17) and (4.2),
Substituting (4.34)-(4.37) into (4.33), we have from (4.1), 
Multiplying (4.38) by (1 + t)
Integrating by parts, we find that the second and the third terms of the left-hand side of (4.39) can be estimated as (4.40) 
From (4.40), (4.41), we rewrite (4.39) as
We will respectively give the estimates of I 18 − I 21 . For I 18 , by using the Sobolev inequality, the Gagliardo-Nirenberg inequality and the Cauchy-Schwarz inequality, we have (4.43)
On the other hand, by using the Gagliardo-Nirenberg inequality, we have (4.44)
Therefore (4.45)
Similarly, (4.46)
For I 20 , by using the Cauchy-Schwarz inequality and the Sobolev inequality, we get from (4.2), (4.47)
Similarly, we have (4.48)
Substituting (4.45)-(4.48) into (4.42), we arrive at (4.49) 1 2 
Integrating by parts, we find that the second and the third terms of the left-hand side of (4.50) can be estimated as (4.51)
From (4.51), (4.52), by using the Cauchy-Schwarz inequality we rewrite (4.50) as (4.53) 1 2 We will respectively give the estimates of I 22 − I 28 . Similar to the estimate of I 18 , we have (4.54)
Continuing, (4.55)
10 and (4.56)
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For I 25 , similar to the estimate of I 20 , we have (4.57)
and (4.58)
For I 27 , according to (4.17) and the Cauchy-Schwarz inequality, we have (4.59)
Substituting (4.54)-(4.60) into (4.53), we have (4.61) 1 2 
Integrating by parts, we find that the second term of the left-hand side of (4.65) can be estimated as (4.63)
where ξ 3 is defined by (4.15) , and ξ 4 is between U and U + V . On the other hand, (4.64) 
Similar to I 20 , we have (4.68)
and (4.69)
For I 33 , by using the Cauchy-Schwarz inequality, we have from (4.17) and (4.1), (4.70)
Similarly, (4.71)
Computing I 35 as above, we have
Recalling that U = w + v, we have from (2.9) and (3.5),
Therefore by (4.1) (4.72)
For I 36 , we have from (4.17) and (4.2), (4.73) 
Adding (4.49) and (4.61) to (4.74), we have (4.75)
Integrating (4.75) over [0, t] in t, we get from (4.23) and (3.34), 
